We determine the off-shell N = 1 supersymmetry transformation rules for a tensorYang-Mills system in which the tensor field transforms in a nontrivial representation of the Yang-Mills group, and there is an additional vector multiplet in the same representation. We then show that this system describes a massive tensor multiplet coupled to Yang-Mills in which the additional vector multiplet is eaten by the tensor field. Next, we construct an action which consists of four separately off-shell supersymmetric pieces and find that integrating out the auxiliary fields gives rise to an infinite number of higher order couplings of the scalar field belonging to the tensor multiplet. We describe the dualization of the massive tensor to a massive vector, thereby ending up with an on-shell supersymmetric nonabelian massive vector multiplet coupled to an off-shell Yang-Mills multiplet which we refer to as the supersymmetric Proca-Yang-Mills system. This description of massive vectors is contrasted with the standard one obtained through the Higgs mechanism.
Introduction
In this paper, we construct N = 1, D = 4 off-shell supersymmetric couplings of n V vector multiplets and n T tensor multiplets in such a way that the combined system is invariant under a semi-simple gauge group G and the tensor fields transform in a non-trivial representation of G. The bosonic sector of this construction is based on the tensor hierarchy formalism [1] and it implies that, up to a number of tensor multiplets which are singlets of G, the system describes an off-shell Yang-Mills multiplet coupled to an off-shell massive tensor multiplet. The case of a single massive tensor, singlet under G, has already been constructed by other methods in [2, 3] , and partial results have been obtained for the nonabelian case in [4] . In addition to an off-shell invariant containing the kinetic terms, we construct two additional off-shell invariants, one of which contains a mass term and another containing a topological "theta" term for the 2-form potential. We find that the elimination of the Yang-Mills multiplet auxiliary fields leads to an infinite number of terms in even powers of the tensor multiplet scalar fields. This nonpolynomial structure is due to the nonabelian nature of the massive tensors, and these terms disappear in the abelian case. We also show how the full offshell N = 1, D = 4 supersymmetry transformations for the tensor-Yang-Mills system follow from a similar system in D = 6 with N = (1, 0) supersymmetry [5, 6] upon dimensional reduction on a 2-torus followed by a truncation.
It is known that a massive tensor field in 4D is on-shell dual to a massive vector field. This dualization has been carried out for the system where all 2-form potentials are singlets of G [2, 3] . Here, we generalize the dualization procedure to the case in which the 2-form potentials are in a nontrivial representation of G, thereby ending up with the couplings of on-shell nonabelian massive vector multiplets to off-shell Yang-Mills multiplets, which we will refer to as the supersymmetric Proca-Yang-Mills system.
It is interesting to compare this model with the supersymmetric Yang-Mills-Higgs system in which the massive vector multiplet arises by means of Higgs mechanism. The latter models contain also massive scalar multiplets. We show that these can't be truncated while preserving supersymmetry. Thus, the Proca-Yang-Mills system presented here provides an alternative Higgsless model for a description of massive vectors coupled to Yang-Mills. However, the tree-level scattering amplitude grows with energy for the longitudinal components of the massive vectors which means break-down in unitarity at high energies, unlike the situation in the Yang-Mills-Higgs model where the additional couplings of the Higgs scalars restore unitarity [7, 8, 9] . Motivated by an attempt to fix the tree-level unitarity problem in a bosonic Higgsless model where new couplings involving a 2-form potential are considered [10] , in Appendix B we extend the four parameter supersymmetric tensor-Yang-Mills system described in Section 3 by introducing two new off-shell invariants, which is possible if we take the 2-form potential in the adjoint representation. In this extended model new couplings relevant to the unitarity issue arise though a further study is required to determine whether they are sufficient to restore tree-level unitarity.
The tensor hierarchy and supersymmetry
Consider the coupling of n V vector and n T tensor off-shell N = 1, D = 4 supermultiplets consisting of fields
where the spinors are Majorana. The full covariant non-abelian field strengths are [1] 
The field strengths (2.2) are defined such that they transform covariantly under the set of non-abelian gauge transformations [1] 
This vector/tensor gauge system is completely defined by the choice of the invariant tensors h r I , d
I rs , and f rs t . Consistency of the tensor hierarchy, i.e. covariance of the field strengths (2.2) requires that the gauge group generators in the various representations are given by [1] 
Further constraints follow from closure of the algebra (or generalized Jacobi identities) [X r , X s ] = −(X r ) s t X t and gauge invariance of the tensors h r I and d I rs . Upon the use of these invariance conditions together with (2.4), the generalized Jacobi identities take the equivalent form [1, 5, 6] 
For an arbitrary matrix h r I , we can choose a basis in the space of vector and twoform tensor fields according to a split A 8) with indices a = 1, . . . , rank(h) and indices α, and a ′ labeling the complement of the spaces of vector and tensor fields, respectively. In this basis the constraints (2.5) -(2.6) translate as follows: the components f αβ γ are the structure constants of a Lie algebra g, satisfying standard Jacobi identities. Moreover, we find that [6] 9) where T α are the generators of the Lie algebra g in some representation R, i.e. [T α , T β ] = f αβ γ T γ , with dimension dim R = rank(h) . Together, we deduce that the generators (2.4) take the form [6] 10) in the vector sector, and 11) in the tensor sector. Thus, the generalized Jacobi identity reduces to [X α , X β ] = f αβ γ X γ . To summarize, we have solved the original system of constraints by an explicit choice of basis and without any loss of generality with (2.8) and (2.9) , where all nonvanishing tensors are invariant under the action of the generators (2.10) and (2.11), forming the Lie algebra g with structure constants f αβ γ . So far the solution of the constraints reviewed above is general. At this point, we will restrict to the case of a semi-simple Lie algebra g and non-trivial representations T α . In this case, by proper choice of basis, the matrices X α from (2.10), (2.11) can be taken to be block-diagonal, i.e. 12) and the generators take the form
which shows that the representation R ′ carried by the the 2-form potentials B µνa ′ is trivial.
In summary, the only non-vanishing components of the h, f, d tensors are
where f αβ γ and η αβ are the structure constants and Cartan-Killing form of a semisimple Lie algebra g, respectively, and d c ′ are arbitrary constants. The resulting model has the fields
and a set of gauge singlet tensor multiplet fields (B µνa ′ , χ a ′ , φ a ′ ) where the indices (α, a, a ′ ) label the adjoint representation, an irreducible representation R and singlets of g, respectively. The field equations for the singlet tensor multiplet of fields can be easily deduced from the results for non-abelian tensor multiplets, and therefore we shall leave them out.
The explicit bosonic field strengths are now given by
The vector and tensor gauge-transformations are given by
This implies that the massive tensor field B transforms as a Yang-Mills covariant field strength δB
The scalar fields φ a transform the same way as B a µν under the gauge transformations, and their covariant derivative takes the form
Turning to supersymmetry, the results summarized above for the bosonic tensorYang-Mills system shows that the coupling problem we started with amounts to constructing the coupling of the following multiplets The supersymmetry transformation rules of the off-shell Yang-Mills multiplet are well known and are given by
As for the supersymmetry transformation rules for the massive tensor multiplet, so far they have been determined fully only for an abelian version of the multiplet. Here we present the full result for the nonabelian case, by which we mean that all the members of the multiplet, including the tensor field, carry the same and nontrivial representation of the semi-simple gauge group G. In addition to employing the Yang-Mills covariant field strengths described above, and covariantizing derivatives of the fermions as well by employing the Yang-Mills gauge field A α µ , we find that we need higher order fermionic terms in the transformation rule for the tensorino in which the Yang-Mills gaugino fields appear explicitly. To determine the full result, we establish the off-shell closure of the supersymmetry algebra on all the members of the massive tensor-Yang-Mills multiplet, and we thus find
Though we will only work in terms of B a µν we give for completeness the supersymmetry transformation of B a µν and A a µ :
In Appendix A, we describe an alternative derivation of (2.25) by a dimensional reduction from six dimensions, followed by a consistent truncation, of N = (1, 0) superconformal tensor-Yang-Mills system described in [5, 6] . It is also useful to note that in the abelian limit of the supersymmetry transformation (2.25), the ǫλ 2 terms in δχ a are absent and all the covariant derivatives become ordinary partial derivatives.
Action for nonabelian massive tensor-Yang-Mills system
To write an action we must introduce also a massive tensor multiplet transforming in the conjugate representation, unless the representation happens to be self-conjugate. These fields will be denoted by lower indices, and thus we have Off-shell Massive Conjugate Tensor Multiplet:
The supersymmetry transformations of these are obtained from those given above by hermitian conjugation according to the rules:
where V a is a generic field. We now wish to construct a Lagrangian for the massive tensor coupled to Yang-Mills. The off-shell N = 1 super Yang-Mills Lagrangian is the standard one. We construct three new off-shell invariants involving the massive tensor multiplet and its interaction with the off-shell Yang-Mills. The final result is
2 In our conventions η µν = diag(−1, +1, +1, +1) and γ µνρσ = iε µνρσ γ 5 . A crucial Fierz identity is (Cγ µ ) α(β (Cγ µ ) γδ) = 0, where C is the anti-symmetric charge conjugation matrix with
where
and
where m = 0 is a mass parameter and θ is a dimensionless constant. The parts of the total Lagrangian consisting of the terms that depend only on (A α µ , λ α , D α ), those proportional to m 2 and θm 2 and the remainder, are separately off-shell supersymmetric and Yang-Mills gauge invariant. It should not be too difficult to write the action in superspace but we will not attempt to do this here. The abelian version of this action (coupled to additional vectors and scalars) was considered in [3] .
It is also worth observing that if we set m 2 = 0, then the total Lagrangian does not contain a kinetic term for λ a and the B field equation
gives an unwanted constraint, as can be seen by taking its divergence, which yields
This problem is avoided by letting m 2 = 0, in which case the B field equation now implies a constraint on D µ B µν which is a typical subsidiary condition for massive fields (recall the standard Proca equation which implies that the vector is divergence free). Taking m 2 = 0 also furnishes a kinetic term for λ a .
3 Note that using the equation of motion for the Yang-Mills gauge field,
does not help.
Integrating out the auxiliary fields
In this section we will show that when integrating out the auxiliary fields in (3.3) we obtain an on-shell supersymmetric action which involves an infinite expansion in even powers of φ. The equations of motion of the D's are
2)
Using the first two equations in the last one gives
The representation matrices are defined such that
γ , where d R is the dimension of the representation, so that for an SO(N) gauge group for example, for which d αβγ = 0, we have
Using the expressions for the auxiliary fields in (4.1)-(4.5) in the Lagrangian (3.3) we obtain, after some algebra, the on-shell Lagrangian 6) where the bosonic terms are
with the M 2 defined by
The quadratic fermion terms are
and the quartic fermion terms are
where G αβ defined in (4.5) is the source of nonpolynomial interactions of the scalar fields with the fermions. The elimination of the auxiliary fields have given rise to the θ 2 dependent term in L b and all the terms proportional to inverse powers of m in L 2f and L 4f . All the terms of the form G × ψ 2 have canceled, where ψ denotes the fermions. The action of the Lagrangian (4.6) is invariant under supersymmetry transformations (2.24) and (2.25), with the substitutions (4.1)-(4.5). If we set θ = 0 and truncate to cubic order in fields, the Lagrangian up to field redefinitions 4 agrees with the Lagrangian given in [4] , where the Lagrangian as well as the supersymmetry transformations were constructed only to this order.
Dualization to a massive vector
It is known that a single massive tensor is dual to a massive vector field. The dualization was described in superspace in [3] . Here we will perform the corresponding dualization in the non-abelian case. The first step is to implement the fact that H = DB by adding to the Lagrangian
where C a µ and C µ a are Lagrange multiplier fields enforcing the constraint and the coefficient is chosen for later convenience. In the new Lagrangian
where L is given in (3.3), H is treated as an independent field. The equation of motion of B a now reads
3) where G = DC is the Yang-Mills covariant field strength of C and the Hodge dual is given by * G µν = 
The required field redefinitions are
The 
where the bosonic terms are
the quadratic fermion terms are
Equation (5.4) which expresses H in terms of C can be used to determine the supersymmetry transformation of the massive vector field C. One finds
where the last term is proportional to the equation of motion for χ and, since in the dualized model the supersymmetry algebra will be on-shell we will simply drop this term. The other supersymmetry transformations are obtained by using the expressions for B and H in terms of the vector field C in the supersymmetry algebra (2.25).
The supersymmetry transformations which leave this action invariant are therefore the standard ones for the off-shell Yang-Mills fields (2.24) together with the on-shell supersymmetry transformation of the massive vector multiplet
As a byproduct of the dualization of a massive tensor we have shown how to couple a massive vector, transforming in a non-trivial representation of the gauge-group G, to Yang-Mills. Note that this construction does not involve any scalar multiplets and is therefore quite different from the usual approach via the Higgs mechanism. A more detailed analysis of the differences will be presented in the next section. Note also that if we integrate out the auxiliary field of the Yang-Mills multiplet D α using equation (4.4) and (4.5) we get an infinite series of terms involving powers of the scalar φ, both in the supersymmetry transformations and in the action. If we had started with a completely on-shell formulation we would therefore only have been able to construct the model order by order in these terms.
It should be possible to find a completely off-shell description of this system. To do this one should introduce the appropriate auxiliary fields to make the massive vector multiplet off-shell. These consist of one complex and one real scalar. It should then be possible to formulate this model in superspace. We leave this problem for the future.
Comparison to supersymmetric Higgs model
The supersymmetric Proca-Yang-Mills in the previous section contains only the massive vector multiplet and the Yang-Mills multiplet, and in particular no scalar multiplets. Here we shall compare this model with the supersymmetric Yang-Mills-Higgs model which does contain scalar multiplets. We will see that, except in the abelian case, the truncation of the scalar multiplets without breaking supersymmetry is not possible. Therefore the two models represent completely distinct ways of coupling massive vectors to super Yang-Mills.
To be concrete we will analyze the specific example of breaking SU(n + 1) → SU(n) × U(1) (n > 1) via a supersymmetric version of the Higgs mechanism, which arises for example in supersymmetric GUTs [12] . The starting point is the (renormal-izable) Lagrangian
where 2) and all fields are in the adjoint representation of SU(n + 1). The supersymmetry transformations are given by
where ψ L = With this notation we will consider the supersymmetric vacuum solution given by
which corresponds to the breaking SU(n + 1) → SU(n) × U(1). Next we expand the scalar field around this vacuum as
Under the symmetry breaking the adjoint scalar z i j splits up as z i j = (z 0 0 , z 0 b , z a 0 , z a b ) where a, b = 1, . . . , n is an SU(n) (anti-)fundamental index. An infinitesimal gaugetransformation of the broken components of (z + z * ) i j is given by
and similarly for (z + z * ) a 0 . This means that the real part of z 0 a and z a 0 can be gauged away by a suitable gauge-transformation Λ a 0 and Λ 0 a . Therefore by performing a finite gauge-transformation U(ξ) = e iξ a Ta 0 +iξaT 0 a , (6.7)
where T 0 a and T a 0 are the broken generators which don't preserve the vacuum, we can bring the scalar to the form
(6.8)
Note that the scalars φ a are now real, in the sense that (φ a ) * = φ a , the imaginary part being eaten by the off-diagonal vectors which become massive. The off-diagonal part of the SU(n + 1) gauge field is massive and denoted by
Using this notation and (6.8) in (6.1), the resulting bosonic Lagrangian is
where F µνa b and F µν are the standard SU(n) and U(1) field strengths, while
is the field strength of the massive vectors. In order to make the comparison to the model of massive vectors considered in the previous section we need to truncate the extra scalar multiplets. These consist of the singletẑ and the SU(n) adjointẑ a b . To see if this truncation is consistent with supersymmetry we should look at the corresponding supersymmetry transformations coming from (6.3). These supersymmetry transformations have to be accompanied by a compensating gauge-transformation with (we put ψ 0 a ≡ χ a and ψ a 0 ≡ χ a )
in order to preserve the gauge (6.8). The full supersymmetry transformations for the Yang-Mills multiplet (A µa b , λ a b ), the massive Wess-Zumino multiplets (ẑ a b , ψ a b ) and (ẑ, ψ), and the massive vector multiplet (C a µ , φ a , χ a , λ a ) can be read off from (6.3) by using (6.8) and the compensating gauge transformations of the fields with gauge parameter given by (6.12). In particular, the supersymmetry transformations of the scalar fields take the form
In a truncation where the scalar fields (ẑ,ẑ a b ) are set to zero, we have R a b ∼ δ b a , and consequently the vanishing of the variations δẑ and δẑ a b requires that χ a φ b + φ a χ b = 0. This represents an unacceptable constraint on the fields of the massive vector multiplet. Therefore we conclude that it is not possible (except in the abelian case) to truncate out the additional scalars of the Higgs model and therefore to compare it to the model considered in this paper. In the abelian case the comparison is trivial since all the complicated non-linear terms disappear. The model obtained in this paper by dualizing a massive tensor therefore gives a very different description of massive vectors coupled to super Yang-Mills than that obtained through the Higgs mechanism.
Comparing the bosonic Lagrangians (5.6) with (6.10) shows another key difference. As a test of the tree-level unitarity, considering the process CC → CC scattering, we see that the model based on (6.10) furnishes the vertices C 2 A, CCz and C 4 , all of which contribute at the tree level, giving a unitary result in the sense that upon the substitution C µ → k µ /m for the longitudinal components of the incoming and outgoing massive vector bosons, all the terms that grow with energy cancel each other out [7, 8, 9, 13 ]. In the model based on (5.6), however, there is only the C 2 A vertex contributing to the same tree-level amplitude which then grows with energy for the longitudinal components. Whether this problem with unitarity can be cured by further extension of our model, or its interpretation as an effective field theory, remains to be investigated.
Motivated by a bosonic Higgsless model where this issue has been studied [10] , in Appendix B we extend the four parameter supersymmetric tensor-Yang-Mills model by introducing two new off-shell invariants, which are possible if we take the 2-form potential in the adjoint representation.
Conclusions
In coupling n V vector multiplets to n T tensor multiplets such that gauge symmetry based on a semi-simple group is realized and that the tensor fields transform in a nontrivial representation of the gauge group, we have seen that the vector fields split into two sets; one belonging to the adjoint representation of the gauge group, and the other that is eaten by as many tensor fields which become massive. Thus we end up with off-shell supersymmetric coupling of a Yang-Mills multiplet to off-shell massive tensor multiplet carrying a nontrivial representation of the gauge group. The massive tensor multiplet also contains scalar fields which are in the same representation. A noteworthy feature of the resulting model is that the elimination of the auxiliary fields needed for the off-shell closure of the algebra gives rise to nonpolynomial couplings of scalar fields to the fermionic bilinears even though the kinetic terms for the scalars is an ordinary one not involving any curved scalar manifold.
Dualization of the massive tensor to a massive vector produces a model in which an on-shell massive nonabelian vector multiplet is coupled to an off-shell Yang-Mills multiplet. The two arbitrary parameters of the model are the mass M and the angle θ. The θ → 0 limit exists but the M → 0 limit is singular. In the abelian limit the M → 0 limit exists but the resulting Lagrangian is not supersymmetric.
The bosonic sector of the nonabelian model differs from a bosonic Yang-Mills-Higgs system in which the Yang-Mills group G is broken down to H with massive vector fields in representations of H, and presence of scalar multiplets. In the supersymmetric Proca-Yang-Mills system, however, we start with a Yang-Mills group H from the beginning and couple it to massive vector multiplets only without introducing any scalar multiplets. We showed that a consistent supersymmetric truncation of the scalar multiplets in the Yang-Mills-Higgs system is not possible, showing that the two models are genuinely distinct. In Section 6, we discussed the issue of breakdown in tree-level unitarity in the Proca-Yang-Mills system, which is of course absent in the Yang-MillsHiggs system. In Appendix B, we presented a 2-parameter extension of the model which has implications for solving this problem though the full study of this extended model remains to be done.
Possible generalizations of the massive tensor-Yang-Mills system presented here are as follows. The tensor hierarchy can be extended to include the 3-form and 4-form potentials. Non-semisimple groups may be considered for completeness. Coupling to scalar multiplets would generalize the results of [3] where such couplings in the case of the abelian model have been given. Coupling of the nonabelian model to supergravity can be carried out and that would generalize the result of [14] where a single massive vector multiplet, and [4] where a truncated version of our full non-abelian model have been coupled to supergravity. Finally, the computation of the full tree-level amplitude for the scattering of massive vectors in the extended model given in Appendix B, and its implications for unitarity is an interesting open problem.
A Dimensional reduction from D = 6
The supersymmetry transformations of the D = 4 N = 1 tensor-YM system considered in this paper can be obtained from the corresponding N = (1, 0) supersymmetric system in D = 6 [6] :
where i = 1, 2 and the spinors are symplectic-Majorana-Weyl. The D = 4 system is obtained by making the following ansatz
where we have suppressed the representation indices, D is a real scalar, the Pauli τ -matrices act on the R-symmetry indices and the Pauli σ-matrices act on the SO(2) doublet indices where SO(2) is contained in SO(5, 1) ∼ SO(3, 1) × SO (2) . We also use the convention by which the 6D Dirac Γ-matrices are
This is not yet the off-shell system that we want since there is an extra scalar ϕ a . It turns out that the closure of this algebra requires, among other things, that
Using this fact in the expression for δχ a and performing the shift
ϕ a we obtain the algebra
This coincides with the algebra in (2.25).
B An extension of the model
In Section 6, we compared our Higgsless model based on where F = dA + A 2 and the 2-form potential has the field strength H = dB + [A, B]. Diagonalization of the kinetic terms gives a massive vector boson and the potential divergences in the scattering of two such longitudinally polarized vectors turn out to cancel out [10] . An important shortcoming of this model not addressed in [10] is that the divergence of the the field equation for the 2-form potential gives an unacceptable constraint; see the discussion around (3.6) above, where this type constraint is avoided by introducing an explicit mass term for the 2-form potential. Nonetheless, given that new couplings relevant for the unitarity issue arise due the B ∧ F term in (B.1), here we shall extend our supersymmetric Proca-Yang-Mills model by considering the case when the massive supermultiplet is taken to be in the adjoint representation of the gauge group. In this case, the following two invariants can be added to the action (3.3) (where needed we use subscripts 1, 2 to distinguish fields of the Yang-Mills and tensor multiplet respectively) Integrating out the auxiliary fields gives, modulo the fermions, and substitution into (B.5) gives D 2 . Note that, unlike in the case of the model given in section 3, here the elimination of the auxiliary fields generate a potential. Upon dualizing the massive 2-form potential to a massive vector field, the resulting bosonic terms in the Lagrangian take the form
Substituting for D 1 and D 2 the expressions given in (B.6) and (B.5) yields a potential that vanishes in the absence of the parameters α and β. Considering the tree level amplitude for the CC → CC scattering, we observe that, in addition to the C 2 A vertex which contributes to the tree graph, the introduction of the (α, β) parameters gives rise to a mixing AC which together with the usual A 3 and A 4 couplings, gives rise to new contributions. However, a detailed computation and analysis of the tree level CC → CC scattering amplitude remains to be performed.
